We analyze the ground state energy for N identical fermions in a two-dimensional box of volume L 2 interacting with an external point scatterer. Since the point scatterer can be considered as an impurity particle of infinite mass, this system is a limit case of the Fermi polaron. We prove that its ground state energy in the limit of high density N/L 2 ≫ 1 is given by the polaron energy. The polaron energy is an energy estimate based on trial states up to first order in particle-hole expansion, which was proposed by F. Chevy [3] in the physics literature. The relative error in our result is shown to be small uniformly in L. Hence, we do not require a gap of fixed size in the spectrum of the Laplacian on the box. The strategy of our proof relies on a twofold Birman-Schwinger type argument applied to the many-particle Hamiltonian of the system.
Introduction
We consider a gas of N identical fermions in a two-dimensional box
with periodic boundary conditions. The fermions do not interact with each other, but with an attractive point scatterer centered at the origin. The Hamiltonian of the system acting on the Hilbert space H N := N L 2 (Ω) of anti-symmetric N -particle functions is formally given
where δ(x i ) denotes a Dirac-δ-potential and g plays the role of a coupling constant. This model can be seen as the Fermi polaron in the limit case with an infinitely heavy impurity. The model known as Fermi polaron in the physics literature describes a system of N identical fermions interacting with a distinct particle by two-body point interactions. It describes an impurity immersed in a gas of ultracold fermions. We are interested in the asymptotics of the ground state energy of the system formally given by (1) in the case of high density ρ = N/L 2 ≫ 1. For that we fix a parameter µ > 0 and choose the number of fermions by
Since (2) ensures that the number of fermions coincides with the number of eigenvalues of −∆ that are less or equal than µ, counting multiplicities, the parameter µ plays the role of the Fermi energy. The high density regime is then equivalent to µ ≫ 1, since
as µ → ∞. 1 We define the self-adjoint Hamiltonian corresponding to (1) by
the second quantization (restricted to H N(µ) ) of a one-particle operator h on L 2 (Ω) formally represented by −∆ x − gδ(x). The latter means that h restricts to −∆ on C ∞ 0 (Ω \ {0}). All self-adjoint extensions of −∆ ↾ C ∞ 0 (Ω \ {0}) are well-known to form a one-parameter family of self-adjoint operators, whose resolvents are rank-one perturbations of the resolvent of the Laplacian. All operators h out of this family, which do not coincide with the Laplacian, can be parametrized by their ground state energy E B < 0 such that the resolvent reads
where γ z ∈ L 2 (Ω) has Fourier coefficientsγ z (k) = (k 2 − z) −1 for k ∈ 2π L Z 2 . The spectrum of h is purely discrete and has precisely one negative eigenvalue E B . We consider E B as the model parameter which characterizes the interaction strength of the point scatterer. 2 Our goal is to study the ground state energy E(µ) := min σ(H µ ) for µ ≫ 1. We prove a conjecture from the physics literature stating that E(µ) is asymptotically given by E 0 (µ) + e P (µ), where
is the lowest eigenvalue of dΓ(−∆) ↾ H N(µ) , and the polaron energy e P (µ) is the lowest solution to the polaron equation
Here
for τ > −µ, where χ denotes the characteristic function, is a monotonically increasing function of τ . We use the convention that all sums and products with respect to k (or other momentum variables) run over the momentum space lattice 2π L Z 2 unless specified otherwise. By the arguments in [8, Section 8] , it is not difficult to see that (5) has in fact a lowest solution e P (µ), which satisfies e P (µ) < 0.
Our main result states that
as µ → ∞. Moreover, we show that for large µ, the asymptotics of e P (µ) is given by
The polaron equation (5) was first obtained by F. Chevy using a formal variational calculation [3] , in which the trial states were chosen to be one particle-hole excitations of the Fermi sea
A rigorous proof of the upper bound E(µ) ≤ E 0 (µ) + e P (µ) was recently presented in [8] using a generalized Birman-Schwinger principle for the many-body operator. While the variational principle allows for a derivation of an upper bound, it is more involved to obtain a suitable lower bound. A natural approach to derive a lower bound for E(µ) is to compare the eigenvalues E B ≤ λ 2 ≤ λ 3 ≤ ... and λ 0 1 ≤ λ 0 2 ≤ λ 0 3 ≤ ... of h and −∆, respectively. In Appendix C we show that (h − z) −1 − (−∆ − z) −1 being of rank one implies
Hence by rewriting
As anticipated by (6) and (7), this does not provide the correct µ-dependence for µ ≫ 1. In order to derive an improved lower bound we start with the many-body Birman-Schwinger operator for H µ discussed in [8] . To this operator, we apply a second Birman-Schwinger type argument. Together with suitable estimates this is used to show that E(µ) − E 0 (µ) is bounded from below by the solution of a perturbed polaron equation, cf. (21) . The analysis of the large µ asymptotics of this lower bound leads to the improved estimate. Note that the upper bound E(µ) ≤ E 0 (µ) + e P (µ) as well as (9) can be equally derived for the analogous model in three dimensions. Although we expect an asymptotic result similar to (6) to hold in this case, it is not a direct consequence of the method presented in this article.
In the physics literature, the polaron energy is considered a good approximation to the ground state energy of the Fermi polaron in the high density regime µ ≫ 1 as well as in the weak coupling limit |E B | ≪ 1. In the strong coupling regime |E B | ≫ 1, it is expected that one fermion is tightly bound to the impurity particle. This behavior is represented by the socalled molecule ansatz [12, 18] . The two classes of trial states were investigated by numerical and analytical methods leading to indications for the anticipated difference between the shape of the ground state in the weak and strong coupling case [2, 4, 8, 10, 15-17, 20, 21] . For this reason, the Fermi polaron is discussed in the context of the so-called BCS-BEC crossover.
We remark that the construction of a semi-bounded Hamiltonian for the Fermi polaron with an impurity of finite mass is much more involved compared to (3), since it is not a simple generalization of a one-body operator. The problem was solved in two [6] [7] [8] [9] and partially in three space dimensions [5, 11, 13] . Rigorous results concerning the ground state energy of these models mostly adressed the question of stability and the existence of a lower bound to the Hamiltonian that is uniform in the particle number N . A recent result shows that the energy shift of the three-dimensional Fermi polaron with an impurity of finite mass compared to the non-interacting system can be bounded by an expression depending only on the average density and the interaction strength [14] . The question whether the polaron energy provides the correct asymptotics of the ground state energy similar to (6) remains an open problem.
This article is organized as follows. In Section 2 we state and discuss our main result about E(µ) in the high density limit. In Section 3 we state a Birman-Schwinger type principle for the many-body Hamiltonian H µ , which serves as the starting point of our analysis. A proof of this principle based on recent results from [8] is postponed to Appendix A. Section 3 also includes the proof of E(µ) ≤ E 0 (µ) + e P (µ) which is obtained from a variational calculation for the generalized Birman-Schwinger operator. A suitable lower bound for E(µ) is established in Section 4, and in Section 5 we analyze its asymptotics in the high density regime to conclude the proof of (6).
Main result
Theorem 2.1. For given L > 0, µ > 0 and E B < 0 let the number N(µ) of particles be fixed by (2), and let the Hamiltonian H µ be defined by (3) and (4). Then, the ground state energy E(µ) = min σ(H µ ) and the lowest solution of the polaron equation (5), e P (µ) < 0, satisfy the following property. There are constants c, C > 0 such that
Remarks.
(i) (Polaron energy) In Lemma 5.3 we show that the polaron energy e P (µ) satisfies
as µ/|E B | → ∞. The remainder term is uniformly bounded for
(ii) (L 2 ·|E B | ≥ 1) We suggest to read this condition as a characterization of the interacting regime of the considered model. For a two-dimensional box with periodic boundary conditions and side length L, the smallest excitation energy of the kinetic energy operator equals 4π 2 /L 2 . This quantity is at most of the same order of magnitude as the two-body binding energy |E B | as long as L 2 · |E B | ≥ 1.
(iii) (Thermodynamic limit) We stress that our result is not based on the assumption of a fixed spectral gap of the Laplacian, which can be read off the fact that the error terms in (10) and (11) are uniformly bounded for L large enough. This allows us to make the following assertion about the ground state energy in the thermodynamic limit. Assuming the existence of the limits of E(µ) − E 0 (µ) and e P (µ) as L → ∞ with µ > 0 kept fixed, our result implies
as µ/|E B | → ∞ with e TD P (µ) := lim L→∞ e P (µ). Even though the existence of the limits is naturally expected, we do not pursue to prove this in the present work.
(iv) (Weak coupling limit) By the discussion of the thermodynamic limit in the previous remark, the polaron energy also approximates the ground state energy in the thermodynamic limit as E B ր 0, cf. (12) . This confirms another conjecture from the physics literature (see e.g. [15] ).
Preliminaries and Upper Bound
In order to estimate the ground state energy E(µ), we consider the many-body operator H µ directly instead of evaluating the eigenvalue sum of the one-body operator h. The starting point for our proof of Theorem 2.1 is a criterion for upper and lower bounds of E(µ) in terms of a many-body Birman-Schwinger operator which we denote by φ µ (λ). It states that for
where equality on one side implies equality on both sides. A proof of this equivalence based on the results in [8] (in particular Theorem 6.3 and Corollary 6.4) is included in Appendix A.
Here we give an explicit expression for φ µ (λ), which will be the main object to be analyzed. In this regard it is convenient to use the formalism of second quantization. Let a k and a * k for k ∈ 2π L Z 2 be the usual fermionic creation and annihilation operators of plane waves
The operator T := k k 2 a * k a k on the antisymmetric Fock space over L 2 (Ω) representing the kinetic energy is the second quantization of the Laplacian. The self-adjoint operators φ µ (λ) for λ < E 0 (µ) form an analytic family of type (A), and for λ < 0 they are given by
on H N(µ)−1 . The first operator in (14) is an unbounded function of T , whereas the second term is a bounded operator on H N(µ)−1 . For the proof of Theorem 2.1 we derive an upper and a lower bound for E(µ) with the help of (13).
The upper bound,
follows by the same arguments as in [8, Section 8] . One considers the trial state
and uses (18) and (5) to verify
The rest of this article is devoted to the proof of a corresponding lower bound for E(µ).
Twofold Birman-Schwinger argument
In order to estabilsh a lower bound to E(µ) with the help of (13), we derive a lower bound for the many-body Birman-Schwinger operator φ µ (λ). In view of (15), it suffices to consider λ ≤ E 0 (µ) + e P (µ).
where the operator
Remark. The convergence of the series defining A µ,λ and the boundedness of this operator can be verified by the Cauchy-Schwarz inequality and
Proof. We rewrite (14) by reversing the normal ordering of the a k and a * k for all k ∈ 2π L Z 2 with k 2 ≤ µ. Using the pull-through formula, which reads
for ψ ∈ H N and bounded continuous functions f : [min σ(T ↾ H N ), ∞) → C, we obtain for λ < 0
on H N(µ)−1 . Note that (18) applied to a vector ψ ∈ D(φ µ ) ⊆ H N(µ)−1 is an analytic function of λ for λ < E 0 (µ). Since φ µ (λ) is an analytic family of type (A), (18) also holds for λ ≤ E 0 (µ) + e P (µ).
The last term in (18) is positive for λ ≤ E 0 (µ) + e P (µ), since on H N(µ)−1
This proves the statement of the lemma.
To derive a lower bound for Φ µ (λ), we make use of the fact that this operator is given by an expression of the form K − V * V with K = G µ (T − λ) − r µ,λ and a bounded operator V = (T − z) −1/2 a * (η µ ). If K is self-adjoint and K ≥ c > 0, it follows readily
This is a key argument in the proof of the following lemma.
Lemma 4.2. Let λ ≤ E 0 (µ) + e P (µ) and suppose that G µ (−µ − e P (µ)) > r µ,λ . Then,
Remark. Neglecting r µ,λ , (21) reduces to the polaron equation (5) . For this reason, we refer to (21) as perturbed polaron equation.
Proof. Since T ≥ E 0 (µ) − µ on H N(µ)−1 and λ ≤ E 0 (µ) + e P (µ), it follows that G µ (T − λ) ≥ G µ (−µ − e P (µ)) on H N(µ)−1 , which is strictly larger than r µ,λ by assumption. Thus by (20) ,
where
is a self-adjoint operator with D(F µ (λ)) = D(T ↾ H N(µ) ). For the derivation of a lower bound we approximate F µ (λ) by F (n) µ (λ). This operator arises from F µ (λ) by replacing the function G µ by G 
)). By the convergence of G (n)
µ and the assumption
Using the pull-through formula (17), we rewrite F
on H N(µ) . Assuming that the last term in (23), which we call P (n) µ (λ) in the following, is a positive operator on H N(µ) , we obtain
. In view of (22), this lower bound completes the proof, since it converges to the left hand side of (21) as n → ∞. It remains to prove P (n)
We show that I (n) (t) ≥ 0 for all t ∈ [0, ∞) and n ∈ N. Note that the product in the definition of I (n) (t) has only finitely many factors, because A n := {q ∈ 2π L Z 2 | µ < q 2 ≤ n} is a finite set. We consider the exponential series and obtain
By the absolute convergence of the exponential series, we can rearrange the product of series to get
where we sum over all N 0 -valued functions m on the finite set A n . Note that the factor in parantheses indexed by q is equal to 1 if m(q) = 0. For all factors with m(q) = 0, we use the identity for a, τ > 0 to rewrite each of the summands in the m-sum as
This yields
To summarize Section 4, we combine (13), Lemma 4.1 and Lemma 4.2 to obtain the following statement. Recall that equality on one side of (13) implies equality on both sides. Corollary 4.3. Suppose that λ(µ) ≤ E 0 (µ) + e P (µ) satisfies the perturbed polaron equation (21) and assume G µ (−µ − e P (µ)) > r µ,λ . Then, H µ ≥ λ(µ).
High density limit
The main result of this section is the following lemma, which, together with Corollary 4.3, concludes the proof of Theorem 2.1. For notational convenience we set µ := µ/|E B | and L := L · |E B | throughout this section.
Lemma 5.1.
(a) If µ is large enough, then G µ (−µ − e P (µ)) > r µ,λ for all λ ≤ E 0 (µ) + e P (µ) and L ≥ 1.
(b) If µ is large enough and L ≥ 1, there exists a unique solution λ(µ) ≤ E 0 (µ) + e P (µ) to the perturbed polaron equation (21) . Moreover, there is a constant C > 0 satisfying the following property. If µ is large enough, then
Before proving Lemma 5.1, we state and prove two preparatory lemmas.
Lemma 5.2. Let τ > −µ and set τ := τ /|E B |. Then for all L > 0,
where the function on the right hand side is given by
Proof. For τ > −µ, we write
where sgn(τ + E B ) denotes the sign of τ + E B , and
are non-negative, monotonically decreasing functions. Observe that
Thus, the left hand side of (24) can be estimated by the sum of
and
where we use Lemma B.1 in (26) and (27). One concludes the proof by estimating the error terms in (26) and (27), which leads to the bound K( τ , µ, L)/ L in (24). For the error term in (26), we use
For the error term in (27), consider
This implies g µ (µ) ≤ (µ + min{τ, |E B |}) −1 as well as
where we used
There is a constant C > 0 satisfying the following property. If µ is large enough, then
for all L ≥ 1.
Proof. We set z P := |e P (µ)| and z P := z P /|E B | for notational convenience. In the first part of the proof we derive a lower bound for z P . By (5) and
By (9) and (15),
Combining this inequality with Lemma 5.2, we obtain
Since z P ≥ 0, K( z P , µ, L) is uniformly bounded for µ, L ≥ 1 and it follows that there is a constant C 1 > 0 such that 4πG µ (z P ) ≤ log( µ) + C 1 /(4π) and consequently
for all µ, L ≥ 1. By Lemma B.1 (a),
By (29), (31) and (32)
and hence there is a constant C 2 > 0 such that if µ is large enough,
for all L ≥ 1. Now, we derive an upper bound for z P . By (5) and
By Lemma 5.2,
We employ (33) to obtain the following two statements. Firstly, by (30),
which is bounded uniformly for L ≥ 1 and µ large. Secondly, log( z P ) ≥ log( µ) − 2 log log( µ) for all L ≥ 1 if µ is large enough. Thus, there is a constant C 3 > 0 such that if µ is large enough
and consequently
for all L ≥ 1. By (34), (36) and (32) there is a constant C 4 > 0 such that if µ is large enough
for all L ≥ 1, and the proof of the lemma is complete
Proof of Lemma 5.1. We prove (a) by deriving a bound for r µ,λ , cf. (16) . Let L ≥ 1 and λ ≤ E 0 (µ) + e P (µ) be arbitrary. It holds a(η µ ) = a * (η µ ) = η µ and by (32),
Moreover, by (17) ,
We drop the second term employing a positivity argument similar to (19) . Then, using
Next we invoke E 0 (µ) − λ ≥ −e P (µ), and then apply Lemma B.1 (b), to bound (38) by
In this estimate we also employed
With the bounds for a(η µ ) and A * µ,λ we obtain
where z P := |e P (µ)|/|E B |. Thus, by Lemma 5.3, there is C > 0 such that if µ is large,
for all L ≥ 1 and λ ≤ E 0 (µ) + e P (µ). Together with (35) this implies Statement (a). For the proof of (b), we write (21) as E 0 (µ) − λ = f (λ) in terms of the continuous, strictly monotonically increasing function f : (−∞, E 0 (µ) + e P (µ)) → R with
By the definition of G µ and (39), f (λ) → 0 as λ → −∞. Next consider f (Λ(µ)) with Λ(µ) := E 0 (µ) + e P (µ). With the help of (5),
, and by (a), f (Λ(µ)) ≥ −e P (µ) if µ is large enough. These observations imply that there is a unique λ(µ)
To obtain the stated bound for λ(µ), apply E 0 (µ) − λ(µ) ≥ −e P (µ) to the argument of G µ in (21) and combine the resulting estimate with (5) to obtain
.
By G µ (−k 2 − e P (µ)) ≥ G µ (−µ − e P (µ)) for k 2 ≤ µ and (5) we arrive at
Statement (b) now follows from (35) and (39).
Appendix B
Proof. (a) By the symmetry of the function k → f (k 2 ),
which, by the monotonicity of f is bounded from above by
Moreover, by the symmetry of the function k → f (k 2 ),
which, by the monotonicity of f is bounded from below by
The combination of upper and lower bound yields the statement of the lemma.
(b) We write
with the non-negative, monotonically decreasing functions
The left hand side of (44) can thus be estimated in terms of
To the latter expression we apply (43) leading to the stated bound in (b). Lowering the right hand side by extending the infimum to all ϕ perpendicular to ψ 1 , ..., ψ i−1 only, yields the statement of the lemma.
Proof of (8). We apply Lemma C.1 to A := −(h − z) −1 and B := −(−∆ − z) −1 for z < E B .
Since the spectra of these operators are purely discrete and bounded from below, the minmax values of A and B coincide with the respective eigenvalues. Then, λ i = z − 1/µ i (A) and λ 0 i = z − 1/λ i (B) for all i ∈ N, and (8) is a direct consequence of Lemma C.1.
